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We consider the quench of an atomic impurity via a single Rydberg excitation in a degenerate
Fermi gas. The Rydberg interaction with the background gas particles induces an ultralong-range
potential that binds particles to form dimers, trimers, tetramers, etc. Such oligomeric molecules
were recently observed in atomic Bose-Einstein condensates. In this work, we demonstrate with a
functional determinant approach that quantum statistics and fluctuations have observable spectral
consequences. We show that the occupation of molecular states is predicated on the Fermi statistics,
which suppresses molecular formation in an emergent molecular shell structure. At large gas densities
this leads to spectral narrowing, which can serve as a probe of the quantum gas thermodynamic
properties.
I. INTRODUCTION
The study of bound complexes composed of a large
number of particles lies at the heart of physics, chemistry
and biology. Examples include DNA formed from
nucleotides, complex molecules composed of atoms,
and nuclei comprised of neutrons and protons. Our
understanding of these complex systems emerges from
idealized models, which are yet sufficiently complex to
contain the relevant physics. A prime example are shell
models, which underlie our description of the structure
of atoms [1], nuclei [2] and quantum dots [3]. A key
ingredient in shell models is the quantum statistics of
the constituent particles, which is fermionic for electrons,
protons, and neutrons leading to Pauli exclusion and the
concept of filled shells.
In nature, large bound complexes are often embedded
in environments and reside in a state far from
equilibrium. This presents an outstanding challenge for
experiment and theory as now an understanding of the
interplay of dynamics and quantum statistics in bound
structures becomes essential to explain the evolution
through the hierarchy of more complex structures as
system size increases.
Here we show that a Rydberg impurity interacting
with a background atomic gas leads to the formation
of a molecular shell structure in the quantum regime,
where the thermal de-Broglie wave length λT becomes
comparable to the range of the impurity-background
gas potential, see Fig. 1. In contrast to other shell
models, particles can be bosonic or fermionic so that the
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FIG. 1. Occupation of a shell structure induced by
a Rydberg excitation in a Fermi sea. The Rydberg
electron (brown sphere) of the impurity atom (red ion core)
induces a molecular potential (dark brown) for the host
atoms whose range can be tuned by the principal quantum
number n. As illustrated in the zoom-in to the right (blue
bubble), the potential supports bound molecular states in
various angular momentum channels that are localized in
the outermost potential well (not to scale). These bound
states can be populated by the atoms initially occupying the
single-particle states of the unperturbed Fermi sea up to the
Fermi energy F (green shading). Since angular momentum
is conserved in the scattering with the spherically symmetric
Rydberg excitation, fermions must overcome the rotational
barrier to occupy the s, p and d shells of the Rydberg atom
leading to a shell structure whose occupation (shown in the
inset) is determined by a Pauli-enforced Rydberg rotational
blockade.
role of quantum statistics can be explored. The shell
structure we describe here for fermions is akin to the
nuclear shell model and arises because at low gas density
few-body bound molecular states must obey the Pauli
exclusion, leading to a sequential filling of molecular
shells. At larger densities, Rydberg excitations in a
Fermi gas are an example for systems where quantum
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2mechanics and statistics can appear in surprising places:
The atoms bound in the molecular shells are localized
on a length scale that is much smaller than the inverse
Fermi momentum. One might thus expect that quantum
statistics should be irrelevant. We find that this is
not the case. With a functional determinant approach
[4, 5], we monitor the time evolution of the Fermi
gas, subject to a sudden Rydberg excitation, in a
superposition state of antisymmetrized many-body wave
functions. We show that an intricate interplay of wave
function overlaps and quantum statistics leads to physics
similar to the Anderson orthogonality catastrophe [6, 7]
with an observable Fermi suppression of spectral density
containing the direct signature of many-body dressing.
The salient features of our results are:
1.Mesoscopic Pauli exclusion: rotational
blockade and inhibition of molecule formation.—
Atoms bound in the Rydberg potential occupy states that
can be labeled by vibrational and rotational quantum
numbers k, l, and m. While an arbitrary number of
bosons can occupy each of these levels, for fermions Pauli
statistics manifests in the filling of a shell structure.
Upon filling the s (l = 0) shell, the next three atoms
are placed in the p (l = 1) shell, and so on. We find
that the occupation of the molecular shells from atoms
in a low-density Fermi gas is rotationally blocked due
to Pauli exclusion. This leads to a distinct response of
Fermi and Bose gases, and a suppression of the formation
of fermionic, ultralong-range Rydberg molecules.
2. Fermi compression: many-body spectral
narrowing and probe of macroscopic quantities.—
At large gas densities, we find that the many-body
spectral density is measurably narrower for fermions
than for bosons. In Bose gases [8–10], it was found
that the large extent of the impurity potential and
dressing with bound states leads to the emergence of a
superpolaronic response which can be understood from
the independence of bosonic modes. For fermions such
a description breaks down. Instead, we find that the
competition between Fermi pressure and bound-state
formation leads to an observable compression of the
absorption spectrum when compared to the response in
a dense bosonic environment. Being tied to the local
density fluctuations in the environment, this spectral
compression can serve as a novel local in-situ probe of
pressure and compressibility in quantum gases. Since
the Pauli pressure is the thermodynamic manifestation
of the Fermi correlation hole, Rydberg impurities thus
present a new and controllable tool to study the origin
of thermodynamic properties on the microscopic scale.
The paper is organized as follows. In Section II,
we discuss the physical setup of a Rydberg excitation
in an ultracold Fermi gas and introduce the relevant
microscopic model. Then, in Section III, we introduce
a functional determinant approach that captures the
quench dynamics of the Fermi sea in response
to the sudden introduction of a gigantic impurity
excitation. Section IV demonstrates how a shell
structure emerges at various densities. There, we
show that a Pauli-enforced Rydberg rotational blockade
leads to suppressed molecular formation at low densities
and a compressed superpolaronic excitation at higher
densities. We relate the predicted phenomena to
the orthogonality catastrophe (OC) in Section V. We
conclude the article in Section VI by providing an outlook
and outlining experimental protocols to measure the
predicted phenomena.
II. A RYDBERG IMPURITY IN A FERMI SEA
We consider a single Rydberg atom suddenly immersed
in a degenerate Fermi gas of spin-polarized ultracold
atoms at temperature T and homogeneous particle
density ρ. A limiting case of our theory is the T = 0
ensemble, in which the initial state of the many-body
environment is given by |ΨFS〉 =
∏
|k|≤kF cˆ
†
k |0〉, where
fermions of mass m, described by creation operators cˆ†k,
fill single-particle orbitals of momentum k up to the
Fermi momentum kF.
Rydberg impurity-bath interaction.— Upon
excitation to a state ψe(r) of principal number n, the
Rydberg electron interacts with the ground-state atoms
in its environment. The frequent scattering of the
low-energy Rydberg electron from the gas perturber
atoms was first described by Fermi [11, 12], and leads to
a Born-Oppenheimer interaction potential between the
Rydberg and ground state atoms,
VRyd(r) =
2pi~ae
me
|ψe(r)|2. (1)
Here ae is the electron–ground-state-atom scattering
length, me the electron mass, and r the distance
separating a ground-state atom from the ionic core of
the Rydberg impurity.
The oscillatory nature of the potential, shown as
the black line in Fig. 2, reflects the nodal structure
of the Rydberg electron wave function ψe(r) [13]. For
ae < 0, this potential supports bound vibrational states
[14], see Fig. 2. Since the principal number n can be
chosen in experiments, the scaling of the range and
oscillations of |ψe(r)|2 with n offers a complimentary
tool for the control of interactions beyond the widely
employed magnetically or optically tuned Fano-Feshbach
resonances [15].
Rydberg impurity model.— Rydberg impurities in
Fermi gases can be realized in atomic mixtures where
a small fraction of one species is immersed in a Fermi
gas of another species. A laser resonant with an atomic
transition of the minority species excites a single atom
from its electronic ground state denoted as |↓〉 to a highly
excited Rydberg state |↑〉 = |n〉 (here we suppress all
other quantum numbers), creating a single impurity in
the Fermi gas.
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FIG. 2. Rydberg molecular potential. The Rydberg
potential VRyd(r) for a 87Rb(71s) excitation as obtained
from a quantum defect calculation in an s-wave scattering
approximation. The potential is shown as a function of
the distance r between the Rydberg ion and an atom in
the Fermi sea. The interacting single-particle bound radial
wave functions ukα,lα(r) are shown as colored lines. The
inset shows the lowest three vibrational states for angular
momenta l = 0 (solid) and l = 1 (dashed). The offset of the
wave functions corresponds to their respective energies. This
exemplary potential is used for all numerical results shown in
this work.
To keep the analysis transparent, we focus on heavy
Rydberg impurities, for which the ion recoil can be
neglected. Furthermore, at low temperatures direct
fermion-fermion interactions can be completely ignored.
To this end, the Rydberg impurity interacts with the
degenerate Fermi gas according to the Hamiltonian:
Hˆ =
∑
k
kcˆ
†
kcˆk +
1
V
∑
k,q
VRyd(q)cˆ
†
k+qcˆkdˆ
†dˆ, (2)
where V is the system volume, and dˆ is the annihilation
operator of the heavy Rydberg impurity atom in the |↑〉
state initially localized at R = 0. It interacts with bath
fermions with dispersion relation k = k2/2m via the
potential VRyd(q), the Fourier transform of Eq. (1), which
in real space takes the form
∫
r
drcˆ†(r)cˆ(r)VRyd(r)dˆ†dˆ. In
this work we compare the physics of Rydberg excitations
in bosonic and fermionic environments. To allow for such
a direct comparison all numerical results are shown for
bath atoms (fermionic or bosonic) of atomic mass 87,
and a representative potential VRyd(r) as calculated for
a 87Rb(71s) Rydberg excitation; see Fig. 2.
III. FERMIONIC MANY-BODY DYNAMICS
INDUCED BY RYDBERG EXCITATIONS
Previous theoretical analyses of the interaction of
Rydberg with ground-state atoms and the resulting
molecule formation have mostly focussed on calculations
of binding energies, wave functions, and density-
independent spectral lines of dimers or timers [12, 16–
21]. Recent work [8, 10] introduced an approach to
study the many-body quantum dynamics of bosonic
systems. Here, we extend this method to fermions by
combining an atomic physics few-body approach to
Rydberg molecule formation with many-body techniques
of mesoscopic physics, which allows us to accurately
capture the multiscale nature and non-perturbative
character of the Rydberg impurity problem.
Absorption line shapes from quench dynamics.—
The frequency-resolved absorption spectrum A(ω) is
obtained from the Fourier transform
A(ω) = 2Re
∫ ∞
0
dteiωtS(t) (3)
of the time-dependent overlap function [22–24]
(Appendix A)
S(t) = Tr
[
eiHˆ0te−iHˆt%ˆ
]
, (4)
where %ˆ = e−β(Hˆ0−µNˆ)/Z is the density matrix of
free fermions in absence of the impurity at inverse
temperature β = 1/kBT and chemical potential µ, with
kB the Boltzmann constant and Z the partition function
of the Fermi gas. The Hamiltonian in the absence of the
impurity is given by Hˆ0, and Hˆ is the Hamiltonian in
the presence of the impurity [Eq. (2)]. The expression
Eq. (4), also known as the Loschmidt echo, describes
the dephasing dynamics of the fermionic environment
following a quench of the impurity-bath potential due to
the sudden introduction of the Rydberg excitation in the
atomic gas. It can be directly measured using Ramsey
spectroscopy [23, 25–29].
Functional determinants.— To compute the
quantum dynamics S(t), we employ a functional
determinant approach (FDA) [4, 5], which provides
exact numerical results for systems described by bilinear
Hamiltonians. The strength of the FDA lies in the ability
to reduce expectation values of many-body operators
to determinants in the single-particle Hilbert space (for
details see Appendix B), taking into account infinitely
many bath excitations. In this way, the FDA allows one
to efficiently compute the many-body dynamics induced
by the Rydberg impurity in the Fermi sea, keeping track
of the full antisymmetrization of the many-body wave
functions, along with the Boltzmann factors needed for
thermal averaging at finite temperatures.
Within the FDA, the time-dependent overlap, Eq. (4),
evaluates to (Appendix C)
S(t) = det[1− nˆFD + nˆFDeihˆ0te−ihˆt], (5)
where the determinant is calculated in the single-
particle Hilbert space, with hˆ and hˆ0 being the
4one-body counterparts of Hˆ and Hˆ0, respectively.
Furthermore, nˆFD = 1
e(hˆ0−µ)/kBT+1
gives the Fermi-
Dirac distribution in the ‘non-interacting’ single-particle
orbitals determined by hˆ0.
Since the Rydberg potential is spherically symmetric,
different angular-momentum l channels are decoupled.
As a result, the Loschmidt echo factorizes into a product
of l-dependent terms (Appendix C)
S(t) =
∏
l
Sl(t), (6)
where Sl(t) = [sl(t)]2l+1 encodes the quantum dynamics
within the given l manifold with 2l + 1 degenerate m
states, and
sl(t) = det
[
δs,s′
(
1− nFD(s)
)
+ nFD(s′)
∑
kα
ei(s′−ωα)t 〈ks′ |kα〉 〈kα|ks〉
]
. (7)
Here, α and s are collective indices that include
the nodal quantum number k, angular momentum l
and projection m of the interacting and non-interacting
single-particle eigenstates, respectively. To evaluate
this expression, we calculate the radial wave functions
in presence of the impurity, ukα(r) = 〈r|kα〉, and
in its absence, uks(r) = 〈r|ks〉, of eigenenergies α
and s, respectively. The single-particle orbitals are
obtained numerically from the bound and continuum
eigensolutions of the Schrödinger equation for a localized
Rydberg impurity, for details see Appendix C.
IV. PAULI-ENFORCED ROTATIONAL
BLOCKADE AND FERMI COMPRESSION
In the following, we expand on the discussion of
the two main features of this work: a) although
the angular momentum shells have a typical spacing
of ∼ 1KHz (determined by the Rydberg molecule
rotational constant) and are thus not spectroscopically
resolved, it is the Franck-Condon overlaps of bound
molecular wave functions with the free single-particle
wave functions, that ultimately determine the spectral
intensity. Those overlaps are exponentially suppressed,
see Fig. 4, and lead to the inhibition of fermionic molecule
formation. We term this effect rotational blockade; b) the
quantum statistics of Fermi occupation leads at higher
gas densities to a spectral narrowing of superpolaronic
features which we interpret as a Fermi compression.
To appreciate the distinct properties of Rydberg
impurities in a fermionic many-body environment, it
is instructive to first contrast their physics to the
recently experimentally realized scenario [26, 27, 30–34]
of impurities interacting with bath atoms via attractive
contact interactions. There, if the interaction potential
is sufficiently attractive, dimers can form. Those
dimers exist, however, only in a state of zero-angular
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FIG. 3. Impact of quantum statistics at low density.
Absorption spectrum A(ω) of the Rydberg impurity in the
Fermi sea (solid line) and its l = 0 component (dotted line),
compared to the spectrum obtained for a Rydberg excitation
in a BEC (dashed line) at low density, ρ = 5× 1011cm−3.
momentum. This is in stark contrast to Rydberg
impurities in a Fermi gas where, due to the large extent of
the impurity-bath interaction, Rydberg molecules form
in states of finite angular momentum. This difference
precludes cold atoms interacting solely by short-range
interactions as a platform to study the competition
of Pauli exclusion and occupation of bound states
of higher angular momentum, essential to realize the
physics of shell structures, rotational blockade and Fermi
compression.
A. Absorption spectrum at low densities
In Fig. 3, we compare the spectrum of a Rydberg
impurity in a Fermi sea to that in a BEC, both at low
density ρ = 5 × 1011 cm−3. The fermionic response
(solid blue) is calculated according to Eq. (6), while the
spectrum for the BEC (red dashed) is obtained using the
methods described in Ref. [8], see also Appendix D.
Even at such a low density, we observe a suppression of
spectral weight at large detuning ω when comparing the
fermionic response to that of a BEC. While dimers, D0,
D1, D2, ···, form both in the Fermi and Bose gas with the
same line strength, higher-order molecular complexes,
such as trimers, Tr00, Tr01, Tr02, · · ·, tetramers, Te000,
Te001, · · ·, and pentamers, P0000, · · ·, are suppressed (the
indices denote the vibrational quantum numbers of the
molecular states involved).
As in the nuclear shell model, the bound-state
configurations must obey the Pauli exclusion principle.
Thereby trimers, tetramers, etc. . . are composed of
particles in different angular l and magnetic m orbitals.
As such, Rydberg impurities provide a cold-atom
5(a) (b)
FIG. 4. Rydberg rotational barrier. (a) Franck-Condon factors |〈1α, l|ks, l〉|2 between the lowest molecular dimer states
|1α, l〉 and the non-interacting states |ks, l〉 of nodal number k = 1, 2 and 3 as a function of the rotational angular momentum
l. (b) Comparison of the spatial structure of the interacting and non-interacting single-particle states that give rise to the
super-exponential decay with l of the Franck-Condon factors shown in panel (a). In contrast to the non-interacting states
(dashed lines), the molecular dimer states (solid lines) in the s, p and d orbitals of the shell structure are deeply localized in
the outermost potential well and are thus hardly affected by the rotational barrier.
analogue of the nuclear shell model [2], with orbitals
that can be adjusted by choosing the principal number
of the Rydberg excitation. In contrast to nuclear physics
[2], in the cold-atom setting the confining potential is
not self-generated by the particles that become bound,
but by the interaction between the Rydberg electron and
background atoms. Therefore, it becomes possible to
switch on or off the shell-model-defining potential, and on
timescales much faster than the inverse binding energies.
This also implies that for Rydberg excitations the
formation of the shell structure is inherently dynamical.
This allows studying the full spectrum of the model and
the non-equilibrium occupation of its excited shells.
The shell structure concept helps to unravel the
mechanisms at play in Fig. 3. While the introduction
of the Rydberg impurity modifies the single-particle
spectrum of the background gas by introducing bound
states and affecting the continuum scattering states by
small phase and energy shifts, it conserves the total
angular momentum. Using this fact we decompose the
response shown in Fig. 3 in the various l channels, and
show the contribution to the fermionic spectrum from
atoms in states of angular momentum l = 0. Evidently,
this contribution (blue dotted line) accounts for most of
the overall absorption response (solid line). In simple
terms, this effect can be understood from the fact that
atoms occupying l = 0 states in the initial Fermi sea
are the only ones with substantial spatial overlap with
the volume of the Rydberg excitation. While the l = 0
contribution accounts for nearly all of the fermionic
dimer response, trimer and higher-order lines are missing.
On the one hand this suppression arises since l = 0
states can only be occupied once. On the other hand,
while this argument prohibits the formation of a Tr00
trimer, it does not exclude the trimers such as Tr01, that
are constituted of atoms occupying different vibrational
states, akin to the occupation of higher vibrational
orbitals in the nuclear shell model. Compared to the
bosonic environment, even these trimer and tetramer
states are, however, suppressed. The reason for this
finding is that by the restriction to the l = 0 subspace
one does not account for the total number of fermions
in the system. Thus, the isolated l = 0 contribution
corresponds to an effective density that is lower compared
to the T = 0 BEC, where all bosons reside in the zero
angular momentum subspace.
The remaining contribution to the full spectrum in
Fig. 3 (solid line) originates thus from fermions that
initially resided in finite angular momentum states of
the non-interacting Fermi sea. Due to the conserved
angular momentum, these fermions can occupy states
in the molecular shell structure that have the same
final angular momentum. Considering the extremely
small rotational constant of the Rydberg molecules, a
large number of such rotational shells is, in principle,
energetically available to the bath atoms. Thus one
might expect the spectral response of fermions and
bosons to be similar. Consequently, differences due to
occupation of higher l states would only be observable
if the rovibrational energies become comparable to
the experimental resolution (which may be in reach
for lighter atomic species such as 6Li). Considering
this argument it is thus at first surprising that in
Fig. 3 quantum statistics does apparently plays a role
in determining the absorption response of fermions
compared to that of bosons.
The puzzle is resolved when considering the collisional
many-body physics involved: the initial state of the
6Fermi sea describes atoms that fill non-interacting
single-particle orbitals in various angular momentum
modes up to the Fermi level (for an illustration see
Fig. 1). The higher the angular momentum of those
states, the smaller the spatial overlap of their single-
particle wave function with the volume of the Rydberg
excitation becomes. This leads to the observation
that while the angular-momentum orbitals are indeed
energetically quasi-degenerate, the Frank-Condon factors
(FCFs) between non-interacting and interacting single-
particle states exhibit systematic variations with angular
momentum that help to explain the absorption response.
In Fig. 4(a), we illustrate the l-dependence of the
single-particle FCFs (or overlaps) |〈1α, l|ks, l〉|2 between
the lowest non-interacting states |ks, l〉 (k = 1, k = 2 and
k = 3) and the bound dimer |1α, l〉. A super-exponential
decay with l of the FCFs, which characterize the
probability for occupying bound states from the initially
non-interacting state of free fermions, is found (see
Appendix F). This decay can be traced to the centrifugal
angular-momentum barrier and the suppression of the
non-interacting single-particle wave functions with higher
l, within the volume of the interacting bound state
wave functions, see Fig. 4(b). As can be seen there,
the interacting wave functions are nearly the same for
different l as they experience an effective potential that
is dominated by the Rydberg interaction. In contrast,
the effective potential for the free fermions is solely
determined by the centrifugal barrier, which results
in non-interacting wave functions that are increasingly
suppressed at small distances with higher l. We refer
to the suppression of absorption response as Pauli-
enforced Rydberg rotational blockade since it is the Pauli
principle that forces additional particles that could be
bound within the Rydberg orbital to occupy higher l
single-particle states, thus suppressing the FCFs. The
Rydberg rotational blockade of the Rydberg molecular
shell structure is also evident when considering the
average occupation number nl of the various s, p, d shells
in the Rydberg orbit. Their occupation, shown as inset in
Fig. 1, requires atoms in the initial state to overcome the
rotational barrier and thus demands a sufficiently high
Fermi energy F .
We note that rotational blockade effects are familiar
from the collisional physics of ultracold atoms close to
their electronic ground state [35–37]. There, however, the
range of the potential is determined by the van der Waals
length, ∼ 100a0, and the rotational barrier is therefore at
much higher energies. In contrast, Rydberg molecules are
created at much larger separations of ∼ 1000a0, allowing
for the physics of rotational blockade to be studied in a
previously inaccessible parameter regime.
B. Spectral evolution with increasing density
We now turn to the behavior of the absorption spectra
with increasing density. In Fig. 5, we show spectra
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FIG. 5. Spectral evolution with density. Absorption
spectrum A(ω) of a Rydberg impurity in a Fermi sea of
density ρ = 5×1011cm−3, 2.5×1012cm−3 and 7.5×1012cm−3.
A(ω) exhibits an evolution with increasing densities to a broad
distribution as characteristic of the Fermi superpolaron.
for three densities corresponding to an increasing Fermi
energy F that ranges from about 0.5KHz to 3KHz. As
before, the low-density response (solid line) is dominated
by the formation of few-body bound states. These result
in a series of molecular lines that correspond to one or
two background atoms bound inside the Rydberg orbit.
As the density grows, a larger number of fermions occupy
the bound states, see the dot-dashed line in Fig. 5. For
this density, corresponding to F ≈ 1.6KHz, the average
inter-particle distance in the medium is ∼ 8700a0. From
this, one estimates that on average about one atom is
situated inside the Rydberg orbit which for the excitation
considered in this work has the radius R0 ≈ 8800a0.
In a classical statistical picture one would thus assume
that, on average, a single atom binds to the impurity
to form a dimer. In the setup considered here, the
dimer has an energy ED ≈ 220KHz, and hence the mean
of the spectrum is expected to occur at this frequency,
which is consistent with the result from the full quantum
calculation shown in Fig. 5.
The Fermi energy also determines which atoms from
the initial state can, in principle, participate in the
non-equilibrium Rydberg quench dynamics: it is all of
those atoms that have sufficient kinetic energy (including
atoms with angular momentum l = 0) to overcome the
rotational barrier and acquire appreciable overlap with
the bound molecular wave functions. In Fig. 6, we show
the energies of the non-interacting single-particle states
(filled, colored circles) in the absence of the Rydberg
impurity and the rotational barrier ∼ l(l + 1)/2mR20 at
the radius R0 of the Rydberg electron orbit (solid blue
line). In the color code, we show their corresponding
Franck-Condon factors (FCFs) with the lowest Rydberg
molecular dimer state. The evolution of the FCFs with
energy for the various l states shows that the dimer
7FIG. 6. Effect of the rotational barrier on the
initial Fermi sea. The height of the centrifugal barrier
El(R0) = l(l + 1)/2mR
2
0 (blue line) at the radius R0 of the
outermost potential well, and the evolution with energy of
the Franck-Condon overlaps |〈1α, l|ks, l〉|2 between the lowest
interacting nodal state |1α, l〉 and the non-interacting states
|ks, l〉 of nodal number k. The arrows indicate the Fermi
energies chosen for the calculations of the spectra in Fig. 5.
states become rapidly accessible to the Fermi atoms once
their energy crosses the rotational barrier. For instance,
for a Fermi energy F ≈ 1.6KHz, see Fig. 6, atoms in
the l = 0, 1, 2 states can overcome the barrier and
participate in the dynamics. Combining this finding with
the concept of the filling of shell structures now helps to
explain the corresponding absorption response shown as
green dot-dash curve in Fig. 5. Angular momentum is
conserved in the bound state formation. Thus, although
many atoms are available in the l = 0, 1, 2 initial states,
at most only nine can actually become bound in the
available molecular states since then the molecular shells
of l = 0, 1, 2 become filled as dictated by the Pauli
exclusion principle. This is in stark contrast to the case
of bosons, for which no bound on the rotational shell
occupancy exists.
We now turn to the effect of a larger density (red
dashed line in Fig. 5), corresponding to F ≈ 3.2KHz. As
an estimate, at this density, on average three atoms reside
inside the Rydberg orbit, consistent with the spectral
mean of ∼ 660KHz found in our FDA calculation.
The fact that the spectrum extends to larger detuning
representing tetramers, pentamers, etc. is consistent
with the Pauli-enforced Rydberg rotational blockade and
the filling of the molecular shell structure. At this
density, the Fermi energy is high enough to populate
up to l = 3 states that have a significant spatial FCF
with the region inside the Rydberg orbital. These states
then participate in the dynamics and dress the impurity
with molecular bound states. This is reflected in the
corresponding filling of s, p, d and f states in the shell
structure, shown in the inset of Fig. 1, which now includes
a contribution from f -shell states. As can be seen in
(a)
(b)
FIG. 7. Shell structure with increasing densities.
Comparison between spectra of a Rydberg impurity in a Fermi
sea to that in a BEC at density (a) ρ = 2.5 × 1012cm−3 and
(b) ρ = 7.5 × 1012cm−3. In both cases, spectral suppression
is visible for fermions at large detuning. At large densities
an additional compression of the spectrum is found at small
detunings that originates from suppressed density fluctuations
in the fermionic medium. The response at large detuning
[inset in (b)] reveals the formation of bound complexes of a
large particle number.
Fig. 6 and Fig. 7(b), in agreement with the relative
occupation of shell states, spectral response is now found
up to frequencies that correspond to nine or more atoms
bound to the impurity. Note that the low-energy l > 0
fermions deep below the Fermi surface are still unable
to cross the barrier. Therefore, the number of particles
that can participate in the dynamics will always be lower
than that for bosons (at the same total number of atoms)
leading to a suppression of weight at large detuning; see
the discussion of Fig. 7 below.
As the gas density is increased, the spectrum evolves
from resolved molecular lines with an asymmetric
envelope (solid and dot-dashed lines in Fig. 5) to a
8distribution of peaks that has a continuous envelope
(dashed line), which moves progressively towards larger
detuning. This broad spectral response represents the
formation of Fermi superpolarons, the fermionic analog
of superpolarons formed in Bose-Einstein condensates
[8–10]. In Fig. 7, we compare the spectrum of Fermi
and Bose Rydberg superpolarons at large densities. As
evident from Fig. 7(a), compared to bosons, Fermi
statistics leads to a reduced spectral weight at large
detuning due to the suppression of Franck-Condon
overlaps for states of higher angular momentum l. As
the density is, however, further increased, a spectral
suppression is observed not only at large but also at small
detuning, see Fig. 7(b).
This effect can be understood as follows: for ideal
bosons, the positions of particles are independent of each
other and follow a Poisson distribution. In contrast,
quantum statistics imprints intrinsic density-density
correlations onto fermions — prominently visible as a
correlation-hole at small particle separation — that make
them less compressible than bosons. The consequently
reduced density fluctuations in the background gas then
directly imply a suppressed spectral response both at
large and small detuning. As an example, consider
the case where a five-particle complex has the largest
spectral weight. In the Bose gas, fluctuations in the
medium will strongly contribute to the spectral weight
of four- and six-body complexes. But for fermions these
contributions are weaker due to the suppressed density
fluctuations, leading to a compression in the spectral
response of fermions both at large and small detuning.
The observation of spectral compression can thus serve
as a local probe of the compressibility of the many-body
environment.
While the suppression at small detuning can
qualitatively be understood in the simple picture of
density fluctuations, capturing this effect quantitatively
presents a challenge for theoretical approaches. In
particular variational wave functions in terms of a
perturbative expansion in particle-hole excitations [38,
39] or vertex expansions in diagrammatic approaches
[40–42], that were successfully applied in the description
description of many conventional impurity problems,
are bound to fail to capture the physics of Rydberg
impurities in a Fermi gas, due to their limitation in
capturing the excitation of a large number of particle-
hole excitations. In contrast the functional determinant
approach can describe this system as it allows accounting
for an arbitrary number of atoms transferred from the
initial Fermi sea into the molecular shell structure, while
keeping track of the full anti-symmetrization and thus the
correct spatial nodal structure of the many-body wave
function.
V. RELATION TO ANDERSON
ORTHOGONALITY CATASTROPHE
The Anderson orthogonality catastrophe (OC) refers
to the response of a Fermi gas to the introduction of a
localized impurity [6], where the generation of an infinity
of particle-hole excitations leads to a new fermionic
ground state that is orthogonal to the Fermi sea in
absence of the impurity. This scenario was originally
considered in the context of the X-ray absorption spectra
in metals [22, 43], where it is manifest in characteristic
threshold singularities and a power-law decay of the
impurity Green’s function in the time domain [7]. More
recently, signatures of the OC in the time domain have
been shown to be accessible in Ramsey interference
experiments of impurities in ultracold fermions controlled
by Feshbach resonances [23, 25, 26].
So far efforts to realize the physics of the OC in
ultracold atoms [23–26], following the observation of
mobile Fermi [31–34] and Bose polarons [44–46], have
focused on systems where the impurity interacts with
the Fermi gas via contact interactions that can support
at most a single bound state. Realistic solid-state
systems, such as quantum dots realized in semiconductor
devices, go beyond this regime. In these systems,
multiple electrons can be bound and the response of
the Fermi environment of charge carriers can be probed
through transitions between electronic states. These
transitions lead to features characteristic of the OC,
such as power-law edges in photoluminescence [47] and
electron tunneling [48–50]. While the Coulomb blockade
limits the number of electrons that can occupy bound
states in quantum dots, Rydberg impurities allow access
to a regime where large multi-body bound complexes are
formed in the presence of a fermionic environment.
In this work we focused specifically on the spectral
signatures of molecular bound states. However, in our
theoretical approach the creation an infinite number of
low-energy particle-hole excitations close to the Fermi
surface is also accounted for [5, 24] which lead to
asymmetric wings attached to each molecular peak. The
existence of these molecular absorption edges opens a
new avenue to study the OC in regimes where the
perturbing potential permits multiple occupation of
bound states. Unlike in quantum dots, the direct
interaction between fermions can be tuned or entirely
eliminated. Moreover, without direct interactions — the
case we consider in the present work — the molecular
peaks are inherently excited states of the system, a
scenario that goes beyond limitations of previous studies
in ultracold atomic and solid-state systems.
It is believed that in dimensions higher than one, a
finite impurity recoil leads to the disappearance of the
OC [51]. An interesting question in the context of finite-
mass Rydberg excitations is whether large impurity-
bound molecules exhibit a crossover from quasiparticle
to OC behavior. The mass of larger complexes grows
fast and should scale linearly with the number of atoms
9bound to the impurity. Thus larger complexes may show
a sharp OC behavior, while smaller ones may exhibit
quasiparticle properties. This argument also implies that
our approach to infinitely heavy impurities may in fact
be a reasonable starting point to describe large molecular
polarons even in the regime where the impurity mass is
finite. This unusual behavior makes Rydberg excitations
a unique setting for exploring OC physics, which so far
has been challenging in Feshbach-coupled quantum gases
for which recoil effects are significant [26].
Furthermore, since the interaction range varies with
the principal number n as r0 ∼ n2~24pi0/e2m, the
energy and the size of the molecular states can be
tuned to the different regimes of dynamics. Along with
control over temperature and gas density, this opens a
door to many compelling questions, such as whether
the exchange of medium fluctuations may lead to a
hybridization of bound states and whether the OC has
an observable effect on the hybridization dynamics.
VI. CONCLUSION
We describe a platform to study multiscale quantum
impurity effects in a Fermi sea. To this end, we
have developed a time-dependent many-body formalism
based on functional determinants that treats the bound
Rydberg molecules and scattering states on the same
footing, to follow the non-equilibrium time evolution of
the degenerate Fermi gas interacting with a spatially
extended Rydberg impurity. Accounting for all angular
momentum contributions, we predict the absorption
spectrum and demonstrate that the spectroscopy of
Rydberg excitations allows probing the physics of
quantum impurities interacting with a Fermi gas in a
regime where the impurity itself may extend over to
nearly the system size.
The analysis of the absorption spectra reveals the
emergent effect of a Pauli-enforced Rydberg rotational
blockade that inhibits the formation of trimers,
tetramers, and higher-order oligomer molecules. While
blockade effects are at play in the formation of fermionic
ultracold Feshbach molecules [37], there, the rotational
barriers are at much higher energies. In contrast, by
virtue of the fact that Rydberg molecules are created at
enormous distances, their rotational barriers are but a
small fraction of the binding energies so that the physics
of rotational blockade can be studied in a previously
inaccessible regime.
At low densities of the environment, the absorption
response reveals a new shell structure where fermions
subsequently fill shells that are defined by angular
momentum and vibrational quantum numbers. In the
many-body regime at large densities our findings deviate
from the expectation that, for such macroscopic fermion
systems, the spectral response should resemble that of a
Rydberg impurity in a Bose gas. Instead we find that
the macroscopic occupation of angular momentum shell
modes results in a Fermi superpolaronic response whose
signature is a spectral narrowing (Fermi compression)
compared to the response in a bosonic gas, which can
serve as a local probe of the density-density correlations
of the many-body environment, complementing probes of
transient dynamics in quantum gases [52].
The evolution from few- to many-body behavior
involves bound-state physics in the presence of an
environment that goes beyond condensed matter
realizations, such as phonon-induced binding of Cooper
pairs [53] or trion formation in presence of a
charge-carrier environment in doped two-dimensional
semiconductors [54, 55]. In particular, the exquisite
control over Rydberg excitation represents a novel knob
for structuring the local density surrounding the Rydberg
atoms and permits study of the interplay between
non-perturbative, few- and many-body effects in Fermi
systems.
Experimental realization.— To realize the physics
of Fermi superpolarons and study the suppression of
molecule formation, experiments with mass-imbalanced
Bose-Fermi or Fermi-Fermi mixtures featuring a low
density of a heavy atomic species in a background Fermi
gas of lighter atoms are ideal. Starting from impurities
initially in their atomic ground state, a laser transition
implements the sudden quench of the impurity potential
seen by the atoms in the Fermi sea that are initially
uncorrelated to the impurity atom. In order to avoid
blockade effects and to gain access to the linear response
regime one can use an excitation pulse of sufficiently low
power [9].
Alternatively, one may also employ Rydberg
excitations in a single-component Fermi gas. Indeed,
first evidence of the Fermi suppression discussed in this
work have recently been observed in a non-degenerate
gas of 87Sr [56]. In such a setup, a laser excites a
fermion from the single-component Fermi gas to a
highly excited Rydberg state. Since the initial state of
the Fermi gas corresponds to a Slater determinant, it
exhibits density-density correlations with a characteristic
correlation hole at short distances. This correlation hole
leaves its trace in a suppression of the formation rate of
dimers, as the Rydberg excitation is created from the
Fermi gas itself. While this effect significantly influences
the absorption signal of dimers relative to the scenario
of a two-component gas studied in this work, in the
limit of large densities the two scenarios will not differ
significantly since the initial correlations of the Rydberg
impurity and the bath become increasingly irrelevant.
In consequence, single-component quantum gases will
also realize the physics of Fermi superpolarons and
suppressed molecular formation discussed in this work.
We note that in the present work we have focused
on the zero temperature response. Our results extend,
however, to finite temperatures less than the Fermi
temperature, i.e. in the range ∼ 25-150nK for the
densities studied in this work. This temperature range
can be further increased by employing a fermionic species
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of a small mass such as atomic 6Li.
Outlook.— The presented results are exact for a
localized impurity and approximate for heavy, but
mobile impurities. For infinitely heavy impurities,
the orthogonality catastrophe governs the many-body
dynamics and quasiparticles are absent due to the
generation of an infinite number of particle-hole
excitations. For a finite-mass impurity, the energy cost of
impurity recoil suppresses these low-energy fluctuations
leading to a finite quasiparticle weight of Fermi polarons
[51, 57]. Moreover, for impurities interacting with
the environment via short-range interactions, impurity
recoil leads to a transition between a polaron and a
molecular ground state [58–60]. In the case of Rydberg
impurities, the consequences of a finite impurity mass
are currently unknown. In which way Fermi polarons
form, and whether polaron-to-molecule transitions can
occur are open questions. Additionally, since the
multi-body bound molecules are inherently excited
states of the many-body system, the question arises
whether impurity motion can potentially lead to recoil-
induced decay between the different molecular states,
rendering them unstable. While these effects can
be experimentally addressed by exploiting the long
coherence times accessible with current technologies,
their theoretical investigation requires new many-body
approaches that can capture the multiscale nature of
Rydberg impurities as well as their motion.
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Appendix A: Deriving A(ω) from S(t)
In linear response theory, the two-photon absorption
spectrum is given by Fermi’s golden rule
A(ω) = 2pi
∑
i,f
e−β(Ei−µni)
Z
| 〈f | ΩˆL |i〉 |2δ
(
ω− (Ef −Ei)
)
,
(A1)
where β−1 = kBT , Z is the grand canonical partition
function, µ is the chemical potential, and ni denotes the
number of particles present in the initial state. As before,
we have set ~ = 1. In the experiment, ΩˆL represents the
laser-induced transition operator |↑〉 〈↓| that excites an
atom to a Rydberg state |↑〉, which, in our model, takes
the form ΩˆL = dˆ† for the impurity in the atomic gas.
The sum in equation (A1) extends over complete sets of
initial |i〉 and final |f〉 many-body states with energies
Ei and Ef .
Inserting the Fourier representation of the delta
distribution and using that |i〉 and |f〉 are many-body
eigenstates of Hˆ0 and Hˆ, respectively, A(ω) takes the
form
A(ω) =
∫ ∞
−∞
dt
∑
i,f
〈i| %ˆeiHˆ0t |f〉 〈f | e−iHˆt |i〉 eiωt
=
∫ ∞
−∞
dtTr
[
%ˆeiHˆ0te−iHˆt
]
eiωt
= 2Re
∫ ∞
0
dtTr
[
%ˆeiHˆ0te−iHˆt
]
eiωt, (A2)
where %ˆ is the density matrix of the initial state of the
non-interacting particles. The time-dependent overlap is
S(t) = Tr[eiHˆ0te−iHˆt%ˆ] (A3)
and we arrive at the relation [24]
A(ω) = 2Re
∫ ∞
0
dteiωtS(t), (A4)
which is Eq. (3) of the main text.
Appendix B: Functional determinant approach
(FDA)
The functional determinant approach (FDA) provides
an effective evaluation of many-body expectation values
in Fock space in terms of first quantized single-particle
operators [4]. For bilinear operators, one finds the
relation [61]
〈eXˆN · · · eXˆ1〉T = det[1− ζnˆ+ ζexˆN · · · exˆ1 nˆ]ζ . (B1)
〈 〉T denotes the thermal expectation value evaluated
with respect to the appropriate thermal density matrix,
Xˆi denotes a quadratic (bilinear) many-body operator
and xˆi is the corresponding single-particle operator.
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More specifically, Xˆ =
∑
j,k 〈j| xˆ |k〉 aˆ†j aˆk, where aˆi are
second-quantized operators defined with respect to the
single-particle basis states |i〉, nˆ is the single-particle
number operator and ζ = 1 for fermions and ζ = −1 for
bosons. For more details about the FDA for fermions we
refer to Refs. [4, 5, 61, 62] and for bosons to Refs. [8, 61].
Appendix C: Time-dependent overlap of a Rydberg
impurity in a Fermi sea S(t)
For the Hamiltonian Eq. (2), the FDA formula (B1)
gives
〈eiHˆ0te−iHˆt〉T = det[1− nˆFD + nˆFDeihˆ0te−ihˆt], (C1)
which yields Eq. (5) in the main text
S(t) = det[1− nˆFD + nˆFDeihˆ0te−ihˆt]. (C2)
To find S(t), we compute the matrix elements of the
temperature(T )-dependent single-particle operator
Cˆ(T ) = 1− nˆFD + nˆFDeihˆ0te−ihˆt (C3)
in the basis of non-interacting single-particle orbitals. We
insert in Eq. (C3) the complete set of eigenstates of
the interacting single-particle Hamiltonian hˆ, determined
from the solutions of the Schrödinger equation
[− 1
2m
∇2 + VRyd(r)]φ(r) = Eφ(r), (C4)
wherem is the mass of bath atoms. For simplicity, and to
allow direct comparison with boson spectra, we use the
mass of 87Rb in our FDA calculations for both fermions
and bosons.
The spherically symmetric Rydberg potential leads
to separation of angular and radial variables: φ(r) =
ukl(r)
r Ylm(Ω), reducing the problem to the radial
Schrödinger equation
[− 1
2m
∂2
∂r2
+
l(l + 1)
2mr2
+ VRyd(r)]ukl(r) = klukl(r), (C5)
which we solve numerically in a spherical box of radius
R = 2 × 105a0. We provide details about the numerical
diagonalization in Appendix E.
Expressed in the non-interacting single-particle states
|s〉 with energy s [s = (ks, ls,ms) with nodal number
k, angular momentum l of projection m on the
quantization-axis], one finds
Cs′,s(T ) ≡ 〈s′| Cˆ |s〉
= δs,s′
(
1− nFD(s)
)
+ nFD(s′) 〈s′| eihˆ0te−ihˆt |s〉 .
(C6)
At T = 0, fermions fill up single-particle states s ≤ F
and n(s) = 1. Eq. (C6) simplifies to
Cs′,s(0) =
{
〈s′| eihˆ0te−ihˆt |s〉 , if s < F.
δs,s′ , otherwise.
(C7)
We insert a complete set of the ‘interacting’ single-
particle states |α〉, where α = (kα, lα,mα) labels the
interacting single-particle states with energy ωα,
Cs′,s(0) =
∑
α
〈s′| eihˆ0te−ihˆt |α〉 〈α|s〉
= eis′ t
∑
α
e−iωαt 〈s′|α〉 〈α|s〉 . (C8)
Due to spherical symmetry the impurity potential does
not couple different angular momentum states: 〈α|s〉 ≡
〈kα, lα,mα|ks, ls,ms〉 = 〈kα|ks〉 δlα,lsδmα,ms . Thus
Cs′,s(0) = δls,ls′ δms,ms′
∑
kα
ei(s′−ωα)t 〈ks′ |kα〉 〈kα|ks〉
= δls,ls′ δms,ms′Cs′,s(l,m), (C9)
where we have defined the matrix Cs′,s(l,m) =∑
kα
ei(s′−ωα)t 〈ks′ |kα〉 〈kα|ks〉 that couples different
nodal ks states within the subspace labeled by ls and
ms. In matrix notation one thus finds a block diagonal
structure: C = diag{C(l = 0,m = 0)C(l = 1,m =
−1)C(l = 1,m = 0)C(l = 1,m = 1) . . . C(l = lmax,m =
mmax)}, where lmax and mmax label the highest occupied
states at or just below the Fermi level. The determinant
of a block diagonal matrix is the product of determinants
of the diagonal blocks
S(t) =
∏
l,m
sl,m(t), (C10)
where sl,m(t) = det [C(l,m)]. Accounting for the
degenerate m states within the manifold of l leads to
S(t) =
∏
l
[sl(t)]
2l+1, (C11)
with sl(t) = detC(l) =∑
kα
ei(k′s,l′s−ωkα,lα )t 〈ks′ |kα〉 〈kα|ks〉 that depends
only on l. We defined Sl(t) = [sl(t)]2l+1 in the main
text.
Appendix D: Time-dependent overlap of a Rydberg
impurity in a Bose-Einstein condensate (BEC)
The Fock state representing the macroscopic
occupation of bosons in an ideal BEC is given by
|ΨBEC〉 = 1√NB! (bˆ
†
0)
NB |vac〉, where bˆ†0 is the creation
operator of a boson in the lowest-energy single-particle
state of zero angular momentum, NB is the boson particle
number and |vac〉 is the vacuum state. Evaluating the
time-dependent overlap Eq. (4) with respect to the
density matrix %ˆBEC = |ΨBEC〉 〈ΨBEC| gives
SBEC(t) = 〈ΨBEC| eiHˆ0te−iHˆt |ΨBEC〉 . (D1)
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Expanding |ΨBEC〉, we find
SBEC(t) = e
iNB0t
1
NB!
×〈vac|
(∑
α
〈0|α〉 bˆα
)NB
e−iHˆt
(∑
α
〈α|0〉 bˆ†α
)NB |vac〉
=
(∑
α,α′
ei(0−ωα′ )t 〈0|α〉 〈α′|0〉 δα,α′
)NB
=
(∑
α
|〈α|0〉|2 ei(0−ωα)t
)NB
. (D2)
1. BEC peak densitiy ρ0 used in comparison of the
spectrum of the Rydberg impurity in a Fermi sea to
that in a BEC
To compute Fermi and Bose Rydberg polaron
responses, we must ensure that the same densities at the
position of the impurity are used in the calculation. To
this end, for a given density of fermions in the Fermi gas
ρ, we determine NB that corresponds to the peak density
in the BEC ρ0 at the center of the trap given by
ρ0 = NB |ΨBEC|2
= NB
∣∣∣∣∣12
√
1
pi
√
2
L
sin(pir/L)
r
∣∣∣∣∣
2
r→0
= NB
pi
2L3
, (D3)
where we quantized the wave function in a spherical box
of radial extent L. We then use NB = ρ0 2L
3
pi in SBEC(t),
Eq. (D2), and choose ρ = ρ0 for the corresponding
fermionic system.
Appendix E: Numerical procedures
1. Exact diagonalization of the radial Schrödinger
equation
We solve the radial Schrödinger equation (C5)
numerically in a spherical box imposing hard-wall
boundary conditions. The Hamiltonian matrix is
constructed in the basis states |r〉 that serve as discrete
real-space representation of states in the continuous
radial coordinate r.
The numerical solutions determine the radial wave
functions ukα(r) = 〈r|kα〉 for the interacting states and
uks(r) = 〈r|ks〉 for the non-interacting states. The
discretization scheme defines the integration measure∫
dr =
∑
i ∆ri , where ∆ri is the grid-step size at point ri.
Using this integration measure, we construct normalized
wavefuctions.
2. Construction of overlap matrix C
We construct the matrix Cs′,s(0) in Eq. (C7) in the
single-particle basis that constitutes the spin-polarized
Fermi sea |ΨFS〉. In this construction, the Fermi energy
F =
(6pi2ρ)2/3
2m sets the number k
(l)
smax which determines
the uppermost single-particle state of angular momentum
l filled by the Fermi sea.
3. Numerical computation of the time-dependent
overlap S(t)
In computing time-dependent overlaps S(t) we insert
a complete set of interacting states |kα〉, including up to
2× k(l)smax states for each angular momentum sector l. To
eliminate remaining truncation errors, we normalize sl(t)
according to sl(t) → sl(t)/sl(0) before taking the power
to 2l + 1.
4. Fourier transform of S(t)
To stabilize A(ω) against the Gibbs phenomenon when
performing the numerical Fourier transform of S(t), we
impose an exponential decay on the computed S(t), i.e.
S(t) → S(t)e−t/tη . This procedure results in absorption
peaks in A(ω) with finite width ∼ 1/tη.
Appendix F: Analytical dependence of
Franck-Condon overlaps on the angular momentum l
We consider Franck-Condon overlaps between the
lowest bound dimer state |1α, l〉 and free states |ks, l〉 of
nodal number ks:
I = 〈1α, l|ks, l〉 =
∫
dr 〈1α, l|r〉 〈r|ks, l〉
≡
∫
dr u∗1α,l(r) uks,l(r)
∝
∫
dr jl(K(l)ks r)δ(r −R0)
= jl(K(l)ksR0), (F1)
where jl(x) is the spherical Bessel function of order
l and argument x. We have inserted a resolution of
the identity
∫
dr |r〉 〈r| ≡ 1 in the first line, used the
definitions of the interacting and non-interacting wave
functions in the second line, and in the third line we have
approximated, up to a constant, the lowest bound state
as a delta function. This is a reasonable approximation
to derive the dependence on l, as the dimer wave function
is predominantly bound to the approximately harmonic
well at R0, see Figs. 2 and 4(b).
The free solutions satisfy the boundary condition
jl(K(l)ksR) ≈
sin
(
K(l)ksR−lpi/2
)
K(l)ksR
= 0 as R → ∞ and for
sufficiently large l. From this follows the solution K(l)ks =
(n+l/2)pi
R with n ∈ N. We thus find
I ∼ jl
(
pi(n+ l/2)
R0
R
)
. (F2)
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Since R0  R, we can derive the dependence on l by
Taylor expanding I for small arguments pi(n+ l/2)R0R 
1. Expressing the spherical Bessel functions jl(x) as
Bessel functions of the first kind, which can be readily
expanded as a series, we find
I ∼
√
pi(piR0/R)
l (n+ l/2)l 2−1−l
Γ(l + 3/2)
. (F3)
Further, we simplify the Gamma function using Sterling’s
formula to obtain
I ∼ 1√
2
(
pi
R0
R
)l
(n+ l/2)l
√
l + 3/2
× 2−1−l
( l + 3/2
e
)−l−3/2
, (F4)
which shows the leading super-exponential dependence
on l discussed in the main text.
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